We further develop the gravitational model, Thomas-Whitehead Gravity (TW Gravity), that arises when projective connections become dynamical fields. TW Gravity has its origins in geometric actions from string theory where the TW projective connection appears as a rank two tensor, D ab , on the spacetime mani- For Λ equal to the current measured value, J 0 is on the order of the measured angular momentum of the observable Universe. We view this as Λ controlling the scale of patches of the Universe that acquire angular momentum, with the net angular momentum of multiple patches vanishing, as required by the cosmological principle. We further find a universal axial scalar coupling to all fermions where the trace, D = D ab g ab acts as the scalar. This suggests that D is also a dark matter portal for non-standard model fermions.
Introduction
The two great, outstanding cosmological and astrophysical problems are the natures of dark energy and dark matter. Together, they comprise roughly 95% of the energy of the Universe, though their identities are unknown. Dark matter is hypothetically the glue holding galaxies together, since current measurements indicate that the outer regions of galaxies are spinning faster than what would be predicted from the gravitational pull of only the baryonic matter within the galaxies. Using merry-go-rounds as analogies to galaxies, the outer regions of galaxies are like children standing on the edges of rapidly spinning merry-go-rounds, with Dark matter playing the role of the adults holding on to the children to keep them from flying off.
Dark energy is the name given to the unknown substance which acts like a negative pressure, pulling the Universe apart. We are currently in an era of dark energy domination as the density of matter has become diffuse enough within the last four or five billion years for the small yet constant density of dark energy to become larger than the density of matter. Current measurements indicate that the present action of dark energy is consistent with a cosmological constant, thus dark energy will continue to expand the universe at an accelerated rate for an infinite amount of time, given there are not changes in the identity of dark energy.
Treating cosmological parameters as fundamental constants has a long history, though it is seldom discussed. In 1937, Dirac considered dimensionless constants involving for instance the Hubble constant H 0 and the charge e and mass m of the electron [1] . Dirac noted that H 0 mc 3 /e 2 was on order of the ratio between the electric and gravitational forces between electrons and protons. In 1972, Weinberg [2] reviewed this approach as an introduction to his review of Brans and Dicke's model of scalartensor gravity [3] . More recently [4] considered a relation between the vacuum energy and the hierarchy of forces. In [5] the cosmological constant itself was considered as a fundamental constant. In this paper, we introduce the cosmic angular momentum constant J 0 as a coupling constant in the recently introduced tensor-tensor model of gravity based on dynamical projective geometry [6] . We refer to this model as T W gravity after Thomas and Whitehead's early work in projective geometry [7] [8] [9] .
We demonstrate both dark energy and some dark matter applications of T W gravity. In the context of recent work [6] , we consider T W gravity to be inspired by string theory and 2D quantum gravity. We present here the pure Gauss-Bonnet T W grav-ity as an initial investigation. The pure GB action has the feature of becoming an Einstein-Hilbert action with an additional interaction when we use a particular ansatz for the diffeomorphism field. In particular, we are able to predict a bare cosmological constant term in the action that depends on an angular momentum parameter J 0 that we argue is of cosmological scale (i.e., sums of galactic and/or CMB angular momenta), rather than the fundamental physics scale . This predicts the bare cosmological constant to be on the order of today's measurements. We also argue that it is more natural to take this angular momentum parameter J 0 of T W gravity to be of cosmological scales as T W gravity is a classical action taken to describe the entire Universe rather than individual particle physics experiments. We demonstrate how the Einstein-Hilbert action becomes manifest within this pure Gauss-Bonnet T W gravity, for a particular decomposition of the diffeomorphism field. The cosmological constant then arises naturally. This distinguishes the present strategy from other efforts where f (R) gravity and/or massive gravity is included in gravitational studies of dark energy and dark matter [10] [11] [12] [13] .
This paper is organized as follows. In section 2 we review the cosmological constant problem and outline our approach to a solution. We mostly focus on generating a small, bare cosmological constant related to the cosmic angular momentum constant J 0 . We defer analysis of quantum fluctuations of the vacuum to a later time, noting that developing a supersymmetric version of T W gravity is an obvious avenue to consider.
Alternatively, there are many non-supersymmetric ideas that may bear fruit with a merger of T W gravity [14] [15] [16] [17] [18] [19] [20] .
Since projective connections are central in the TW gravity approach, we give a brief projective geometry primer in section 3. The salient ingredients needed to discuss cosmology in the framework of TW gravity are laid out. These ingredients are then used in section 4 to construct the pure (i.e no explicit Einstein-Hilbert action) GaussBonnet T W action using the dynamics discussed in [6] . By starting with the projective Gauss-Bonnet action, and using a natural decomposition of the diffeomorphism field,
we generate an Einstein-Hilbert action with bare cosmological constant Λ, and an interaction term that couples D ab to the metric. D ab will further be decomposed into a traceless and trace term. We show that the scalar field proportional to the trace, D = D ab g ab , yields a theory which is free from ghosts and tachyons. We derive the field equations and stress-energy tensor for D ab from the T W action.
Section 5 contains our result that the vacuum solutions require the bare cosmological constant be related to the parameter J 0 of the T W action. We dub the parameter J 0 as the cosmic angular momentum constant, as its relation to the cosmological constant is given by Clearly, J 0 fits within this range and can be thought of as a plausible cosmic angular momentum scale.
In the last section it is shown how we couple the projective connection to fermions and arrive at the Dirac equation in the presence of the diffeomorphism field. We find that one has the usual gravitational interaction arising from the spin connection plus an axial scalar coupling to the trace of the diffeomorphism field. This has implications for both dark matter and as a portal from fermions to dark matter. and a proof that the stress tensor is divergence free.
The Cosmological Constant Problem
Here we review the cosmological constant problem and our proposed method to investigate solutions via T W gravity [6] . A more complete review of the cosmological constant problem is given in [21] . In appendix B, we summarize general relativity and cosmology in a Friedmann-Lemaitre-Robertson-Walker background, describing the calculation of the cosmological constant using current data. The simplest description of the cosmological constant problem comes from dimensional analysis of the cosmological constant. As the cosmological constant has units of curvature, or inverse area, its "natural" value constructed from fundamental constants would be one over the Planck length squared
where the Planck length is l P l = G/c 3 = 1.616 × 10 −35 m. This natural value is famously roughly 120 orders of magnitude larger than the measured value
This simple derivation illustrates at least a partial possible solution: find an appropriate angular momentum parameter, other than , that predicts Eq. (2.2). This alternative angular momentum parameter would have to be enormously larger than and in this paper, we argue that such an enormous angular momentum parameter arises naturally from T W gravity.
Simply choosing an appropriately sized angular momentum parameter is only part of the solution, as summarized nicely by Weinberg [21] where an expected value of the cosmological constant is demonstrated to arise from particle physics. In quantum field theory, the mass density of the vacuum in curved space-time is non-zero < ρ > and gives rise to an energy momentum tensor for the vacuum given by
So even in a vacuum, the right hand side of Einstein's equations will not be zero and
Einstein's equations would be instead
Rearranging, we see that < ρ > adds a contribution to the cosmological constant, forming an effective cosmological constant Λ eff
The discrepancy between Eqs. (2.1) and (2.2) is more precisely 121 orders of magnitude. Taking instead Λ to be proportional to the reduced Planck mass squared Λ ∼ M The original constant Λ is sometimes referred to as the bare cosmological constant.
The cosmological constant problem is that the vacuum density <ρ> is calculated to be much larger than the measured value of Λ eff , that we previously called Λ in Eq. (2.2)
The vacuum density can be estimated as the following integral with quantum gravity scale momentum cutoff of p = M P l c where M P l is the reduced Planck mass
for m << M P l . These vacuum contributions are 118 order of magnitude larger than the measured effective cosmological constant Λ eff , thus it is considered unnatural to choose the bare parameter Λ in Eq. (2.6) on the scale of the contribution from < ρ > but with a discrepancy that is fine tuned to be 118 orders of magnitude smaller.
We separate the cosmological constant problem into the following two parts, focusing in this paper on the first part:
1. Use projective geometry to provide a mechanism that produces a small, bare cosmological constant.
2. Uncover "beyond the Standard Model physics" that cancels all vacuum contributions from quantum field theory.
By using T W gravity to examine the first problem, we are exploiting a symmetry in
Einstein's equations associated with geodesics and using a gauge principle to dictate the form of the Lagrangian. Furthermore, TW gravity makes contact with structures found in 2D quantum gravity [22] [23] [24] [25] through the coadjoint orbits of the Virasoro algebra [26] .
The cosmological constant arises as a natural decomposition of the associated gauge field, D ab , which has been dubbed the diffeomorphism field in the physics literature and is known as the projective Schouten tensor by differential geometers. We do not address the second problem fully. However, we do discuss how projective geometry interacts with fermions and find that an axial scalar coupling to all fermions can serve as a portal for dark matter. We note here that an obvious avenue to address the second problem would be to use supersymmetry which automatically has a vacuum energy of zero. However, in a Universe such as ours, where supersymmetry is clearly broken, it is not known how to maintain this zero of vacuum energy below supersymmetry breaking scales. Nonetheless, we wish to investigate a supersymmetric version of T W gravity in the future to address problem two above.
Projective Geometry Primer
In string theory, the coadjoint orbits of the Virasoro algebra and affine Lie algebras gave rise to geometric actions that are identified as the Polyakov 2D quantum gravity action and the Wess-Zumino-Witten model [22] [23] [24] 26] . Associated with the Polyakov action is a background field, D ab , and with the affine Lie algebra another background field A a . Although A a can easily be related to a Yang-Mills potential which has fundamental roots in the Lie algebra, D ab is often taken as a composite field of fundamental fields and an energy-momentum tensor that transforms anomalously under conformal transformations. Because of this interpretation, D ab was historically external to gravity. TW gravity was born out of theoretical investigations [27, 28, 25, 29] that sought to put D ab on the same footing as A a where it was also fundamental and directly related to gravitation. With the interpretation of D ab as a projective connection in TW gravity, its fundamental gravitational origins have been achieved [6] .
There are many excellent reviews and discussions of projective geometry [30] [31] [32] [33] so this section will only give a pragmatic discussion on how one constructs the projective connection, the curvature tensors, the spin connection and how to build a metric that can be used to solder these constructs together to form an action.
The TW Projective Connection
Here we briefly describe the projective connection and explicitly show the construction of the TW covariant derivative operator. This will set us up to study cosmology in the context of projective geometry.
Projective geometry arose from the question of connection ambiguities in geodesics on a manifold, say M [34, [7] [8] [9] 35, 36] . Since objects moving along geodesics is a principal way for physicists to infer the underlying metric, the question also has experimental relevance. Two affine connections are said to be projectively related on M, when there exists a one-form with components A i such that
Connections which are related in this way give rise to the same geodesics and are said to be projectively equivalent.
Let's suppose that M is a d-dimensional manifold. Projective geometry [37, 32, 30] , 
for a function h. This Lie derivative will vanish when h is a projective invariant.
There is also a preferred one-form ω on the Thomas cone, which is related to Υ by the conditions that ω α Υ α = 1 and L Υ ω ρ = 0. From the volume form,
the relationship between λ and the volume is established through a function f (ℓ) where
is dimensionless and λ 0 is a constant. The projective connection and Υ are compatibly related by,∇
By explicitly writing the pair, Υ α and ω α as, Υ α = (0, 0, . . . , λ) and ω α = (0, 0, . . . , λ −1 ), (3.4) the connection coefficients ,Γ β ρ α may be written as [30] :
where the connection coefficients for ∇ on the spacetime M are denoted by Γ b c a . The projective coefficient D ab is independent of the coordinate λ and transforms as a rank two tensor under coordinate transformations restricted to M. However, under a projective transformation given by, 
From here, one can construct the projective curvature tensor that remains invariant when a connection on M transforms as Eq. 
Projective Curvature
Using the explicit construction of projective connection coefficients, it is straightforward to compute the curvature invariants. Explicitly, on a vector field κ α and co-vector κ α on the Thomas cone, we define the projective curvature tensor K γ ραβ in the usual way,
In terms of the connection coefficients,
Using Eq.(3.5), the only non-vanishing components of K µ ναβ are
From this we calculate the only non-vanishing components of the projective Ricci tensor
αβρ and the projective scalar curvature K ≡ K αβ G αβ (the metric will be defined in a moment) to be
In the above R a bcd is the Riemann curvature tensor over the manifold M, defined in terms of its connection coefficients, Γ a bc . It is important to note that we have not yet defined the d + 1 dimensional metric G αβ . Its construction will be made explicit in the following section 3.3. .
Projective Metric and Spin Connection
We now proceed to construct the metric, G αβ , for the (d + 1)-dimensional manifold, that was alluded to in Eq.(3.12). Let's assume for the moment that d is even. The Dirac matrices are related to a metric g ab on the spacetime manifold, M, by
As stated above, we will write the indices related to coordinates on M as a, b = 0, · · · , d − 1, where d is the dimension of the manifold. We can define an extra gamma matrix, γ d (with index down) that is related to the volume parameter λ via,
with ǫ chosen to be 1 so that the new direction is space-like in the constructed metric.
Then an extended metric can be defined on the Thomas cone through
where α, β = 0, · · · , d, 1 is the fermion identity, and
For our purposes in four dimensions, we have chosen ǫ above so the chiral matrix,
This will later guarantee that the spinor connection, i Ω µ defined below is self-adjoint. Metrics of this form have been used in the literature to study other projective properties of Einstein manifolds, geodesics paths on Einstein spaces, higher spin fields and Bernstein-Gelfand-Gelfand complexes [39] [40] [41] . Although this Dirac matrices construction required d to be even, this form of the metric G αβ can be used in any dimension. For us, the relationship with the volume and chirality becomes pronounced when we include fermions. In what follows, we will use G αβ to contract with the projective curvature for the interaction Lagrangian and the dynamical action for the diffeomorphism field.
We proceed with the construction of the spin connection on the Thomas cone. G αβ admits frame fields through, 18) where the "flat" indices, A, B = 0 . . . d. Since the projective connection is incompatible with a metric, we define the spin connection for the projective connection and the frame fields through,ω
This guarantees that∇
For transparency, let us write the spin connection in terms of the four spacetime dimensions and the volume direction explicitly. The flat directions will be denoted by a, b for the spacetime directions and the number "4" for the flat volume direction.
Similarly, we will use µ, ρ for the spacetime coordinates and reserve "λ" for the volume direction on the Thomas cone. With this we may write the projective spin connection
(3.21)
The Diffeomorphism Field Action
Using the metric G αβ from above, the determinant G = det(G αβ ) and its square root are respectively,
where g = det (g ab ) and |g| is the absolute value of g. From the non-vanishing components of K α βµν , Eq.(3.11) and Eq.( 3.11) become,
In performing these calculations, it is important to keep in mind that the symmetry
bcd are not the same. For instance R abmn = −R bamn but K αβµν = −K βαµν . This is due to the connectionΓ 
The rank three tensor, K αβγ , is called the projective Cotton-York tensor and is defined as
The only non-vanishing components of K αβγ are
This satisfies the Bianchi identity
The action of projective Gauss-Bonnet with coupling constant J 0 , which we refer to as T W gravity, is given by
Interestingly enough only the measure depends on the parameter ℓ(λ). Therefore we can reduce the (d + 1)-dimensional action, above to d-dimensions by integrating out the ℓ-dependence. As shown in appendix C, all ℓ-integrations take the form of one of the two integrals below, the first of which we normalize to one, the other we define through a new constant α 0 :
Once we choose f (ℓ), and properly normalize to satisfy the first integral, this will fix α 0 in terms of ℓ i and ℓ f . As shown explicitly in appendix C, using the above expansions of the projective curvature K α βµν and the metric G µν , the T W action can be written as
13)
where
Generally, we define the star ( * ) operation on an arbitrary rank-two tensor as
where T = g mn T mn and the M abmn tensor is
This tensor is symmetric under any permutation involving all four of its indices:
At this point it is important to observe that the S T W action is a function of three dynamical variables, viz g ab , Γ a bc , and D ab . The field equations for the metric and connection can be examined independently [42] [43] [44] [45] in the context of Gauss-Bonnet, and because we are in four-dimensions, metric compatibility is still a solution to the field equations. Also, we have already mentioned in section 3 that when one of the members of a projective equivalence class [Γ a bc ] is a metric compatible connection, the projective Schouten tensor collapses to a constant times the metric [40, 41] . D ab is that projective Schouten tensor when it is not dynamical. We exploit this observation when we promote D ab to a dynamical field by separating out a part that vanishes in the projective Cotton-York tensor, Eq. (4.8), from the non-trivial dynamical degrees of freedom. It is natural, therefore, to write the diffeomorphism field as,
when we assume ∇ a g bc = 0. Here W ab is traceless
and Λ is the bare cosmological constant. The parameter m is the mass of the scalar field φ, arising from the trace of D ab . This decomposition will naturally produce an 24) where κ is the d-dimensional gravitational coupling related to the bare cosmological constant as
The new tensors appearing above are
Λg ab (4.28) 
Tachyons and Ghosts
It is desirable that the consideration of the TW gravity action Eq. For the sake of this analysis, we will take the dimensionally extended metric Eq. (3.16) to be
where A will ultimately be ±1. Ghosts and tachyons arise from the kinetic and potential terms so here we will only concern ourselves with terms quadratic in the fields. The relevant piece from the TW gravity Lagrangian is
η ab φ to this piece, we find
where we have separated temporal and spatial components on the last line. To clearly determine the potential for ghost/tachyon fields, we need the corresponding Hamiltonian. Defining the conjugate momentum as
we can write the Hamiltonian as
Since a negative kinetic term results in a ghost field, and a negative sign in the mass term results in a tachyonic field, we see that setting A = −1 results in a nonpathological classical field while setting A = +1 results in a ghost field, the field being non-tachyonic in either case. We expect this analysis to hold, at least perturbatively, for other metrics. We note that in d = 4, φ becomes a massive field suggesting a short range gravitational wave. The phenomenology of these waves, along with the traceless components, will be part of a future study.
Equations of Motion
Here we present the equations of motion, detailed derivations are given in appendices D and E. Variation of the action S T W with respect to the diffeomorphism field D ab yields its equations of motion 
Einstein's equations for the diffeomorphism field coupled to g ab are
In terms of V cab ,
the stress-energy tensor can be expressed as 
The D ab equation of motion Eq. (4.38) reduces to We therefore now refer to J 0 as the cosmic angular momentum constant.
Calculation of Expected Angular Momentum of the Observable Universe from Astronomical Data
In this section we briefly review the astronomical data suggesting a global rotation of the observable universe and from this data calculate a range of upper bounds to the angular momentum of the universe. The Universe having patches of angular momentum that sum to zero is consistent with the cosmological principle. In fact, taking the cosmic angular momentum constant J 0 as a fundamental constant would set the natural scale over patches where the Universe could have net angular momentum. At present there does appear to be some evidence for the rotation of the universe on large scales, though we caution that this is somewhat controversial, as global rotation is difficult to measure and seems to be highly model dependent.
Observational evidence of angular momentum of the present day universe on large scales has been seen in the parity violation of the angular momentum of spiral galaxies with a preferred axis [47] . Models of global rotation using input from observations [48, 49] have been in agreement on the order of magnitude of the current angular rotation of the universe of ω ∼ 10 −13 rad/yr. Another clear indication of rotation would appear in CMB data as anisotropy with a preferred axis. New Planck data has found anisotropies at large angular scales at about the 2-3 σ level that could be physically significant, see for example [50] . A theoretical model using CMBA data constrained the rotation of the early universe to be ω ∼ 10 −9 rad/yr [51] . A more conservative estimate using tighter constraints from both temperature and polarization data from
Planck on Bianchi models of rotation [52] conclude that ω/H 0 < 10 −11 , which using the average value H 0 as in Eq. (B.29) and inserting a factor of 2π to convert to rad/yr yields ω 10 −21 rad/yr. It should be noted that these values correspond to the rotation of the universe at the surface of last scattering and not the current value, which would be significantly lower. It is possible, however, that only shear rotation can affect the CMB data and that global rotation may not influence CMB data.
Given these several pieces of evidence for rotation on cosmic scales, we present a simple order of magnitude estimation that demonstrates the cosmic angular momentum constant J 0 associated with the measured value of cosmological constant as in Eq. (5.5) is within the range of plausible angular momentum of the observable Universe. If we approximate the observable Universe as a homogeneous rotating sphere of radius R Obs = 46.5 × 10 9 lyr and use the current estimate for mass density of the universe to be ρ = 10 −26 kg/m 3 we can calculate the total mass of the observable Universe M Obs = 
Fermions and Dark Matter
We now briefly present how projective geometry enters into a discussion of fermions as a potential source for dark matter. Fields on the four-manifold are introduced into the Lagrangian as scalars under projective transformations. This follows since the Lie derivative of any λ independent scalar has vanishing Lie derivative with respect to Υ. Also, the equi-projective extended vector fields that we use are of the form
and have a Lie derivative with respect to Υ that vanishes, i.e.
For projectively invariant fermions we need to compute their Lie derivative with respect to Υ. For the fermions we will use the Kosmann derivative [53] [54] [55] [56] [57] to determine the conditions on f (ℓ) so that fermions transform trivially from the Lie derivative with respect to Υ. The projective connection acts on the gamma matrices viã
and the spin connection on fermions is given bỹ
In four dimensions, the fermion representation does not change when adding the γ 4 .
Therefore, the projective connection on chiral fermions will introduce a natural axial coupling to projective gravity, as we will see shortly.
To continue with the Lie derivative, we have that for a connectionΓ β µα and spinor connectionΩ µ , the Lie derivative of a spin 1 2 field, ψ with respect to a vector field β α is given by
Requiring that L Υ ψ = 0, yields the condition 
We observe there is an axial scalar coupling through,
which due to the γ 5 in Eq. (6.7) is CP violating. The projective geometry has induced an axial scalar coupling to every fermion through D and has generated a chiral asymmetric mass term, 
Thus the parameter ℓ i tunes the axial contributions for the fermion masses. The function, cλ 0 log
, is positive definite and cannot be used to set the λ 0 scale. The parameters must be chosen so the total mass is non-negative. The values of λ 0 and ℓ i will be further constrained by phenomenology. This is presently being investigated. It should be noted that the axial scalar coupling also provides a portal for non-standard model fermions to interact with standard model fermions. This will put further constraints on this axial scalar interaction.
Conclusion
We have further developed the Thomas-Whitehead gravitational theory and its phenomenological applications to dark energy and some issues related to dark matter. We 
A Conventions and units
The units of the various constants used throughout this paper for d = 4 are
We may at times set c = 1 but expose factors of c when calculating numerical values. 
Here and throughout, brackets mean anti-symmetrization and parenthesis symmetrization.
Eq. (A.2) means the following must be true
We define the d-dimensional Christoffel symbol Γ m ab in the usual way
but as G µν is not compatible withΓ α µν , the analogous definition forΓ α µν is not correct. Instead,Γ a mn is defined in Eq. (3.5). We define the projective curvature 3-tensor as
We contract over the first and fourth indices of the curvature tensor to form the Ricci tensor
Eq.(3.16, 3.17), 
Finally, we list all non-vanishing connections and curvatures below
along with the tensor decomposition of D ab .15) and the relation between D ab and curvature
Λg ab (A.17)
We note that W ab is traceless W ab g ab = 0 and write the general star ( * ) operator used throughout the paper
(A.20)
B General Relativity and Cosmology Review
Here we present a quick proof of Einstein's field equations from the Einstein-Hilbert action and a brief overview of standard cosmology in four space-time dimensions. In the following the constants s i are convention dependent and are equal to plus or minus one. The various conventions in the literature are given in use the conventions of Ohanian & Ruffini [64] . Also, in the "mathtensor" package of Mathematica, the default setting are:
The cosmological principle demands the large scale structure of the universe to be spatially homogeneous and isotropic. The metric encompassing these qualities is known as Friedmann-Robertson-Walker (FRW) metric
The Riemann curvature tensor and Ricci tensors can be defined independent of convention as where κ = 8πG/c 4 and Λ is the cosmological constant. Variation of the action yields
where we have defined the stress-energy tensor Θ mn through
We can discard the last term in the action's variation as it yields the surface term
where ; denotes a covariant derivative. As promised, Einstein's Equations become
With the FRW metric, Eq. (B.1), and a stress tensor of the form for a perfect fluid
with ρ the mass density and p the pressure of the Universe, the Einstein equations become what are known as the Friedmann equations: Notice a positive cosmological constant will accelerate the scale factor, a(t), as evidenced in Eq. (B.12) that it has the opposite sign as pressure. In this way, the cosmological constant, or presumably dark energy which is its cause, acts like a negative pressure tending to pull the universe apart rather than squeeze it together as one would expect from a regular, positive pressure. These Friedmann equations are redundant with the continuity equation
which is actually sign convention independent with the form of the perfect fluid given above. The system can then be succinctly described by the either the ij equation or 00 equation of motion and the continuity equation. We define the mass density and pressure of the vacuum (ρ Λ ,p Λ ) and curvature (ρ k ,p k ) as
and combine them with ρ and p to form ρ c and p c , respectively
The quantity ρ c is known as the critical density as it is the critical value ρ takes in a flat Universe (k = 0) with no cosmological constant. The Friedmann equations can be succinctly written in terms of ρ c and p c :
The pressure p and mass density ρ are a combination of contributions from matter (p m , ρ m ), radiation (p r , ρ r ), and any other source (p other , ρ other ) such as the diffeomorphism field presented in this paper so we write
Note that for radiation or other massless fields, the mass density is defined as the energy-density per unit c 2 :
, and similar for other massless fields.
(B.23)
There will in general be field equations to satisfy for the cosmological sources of ρ and p as well, such as the field equations for the diffeomorphism field in this paper.
Cosmological measurements of each species (matter, vacuum, etc.) are typically quoted in terms of a density parameter Ω i = ρ i /ρ c for each species i: i = m for matter, i = Λ for vacuum (cosmological constant), etc. For instance, the density parameter for the vacuum is defined as 
C Expansion of the Projective Gauss-Bonnet Lagrangian
We expand the projective Gauss-Bonnet Lagrangian L T W in terms of the diffeomorphism field and d-dimensional curvature tensors as follows. Using Eq. (4.3), the projective curvature scalar squared K 2 is
where we are introducingD ab , defined as
Next, we calculate the projective Ricci squared K αβ K αβ :
To calculate the projective Riemann curvature squared K αβµν K αβµν , we utilize our knowledge of the non-vanishing terms in Eq. (3.11) to first write
With this, we calculate K αβµν K αβµν as
With the results of Eqs. (C.1), (C.3), and (C.5), the projective Gauss-Bonnet Lagrangian becomes
where the d-dimensional Gauss-Bonnet Lagrangian is
We collect the terms quadratic in D ab and D ab and use Eq. (4.18) to define
This allows us to simplify the Lagrangian to
This results in the following decomposition for D 
Using Eq. (4.18) and (4.29), we rewrite D * as
resulting in the following for ∆L D
Thus, producing the Einstein-Hilbert term with the correct coefficient demands
so that
Substituting this into Eq. (C.18) and integrating results in the first two terms of the action
where S GB , Eq. (4.14), has come along for the ride.
D Equations of Motion Derivation
In S T W , only L D contains the diffeomorphism field D ab . Therefore, we restrict our derivation of the diffeomorphism field equations of motion to the variation of L D :
In the last line we have used the fact that K mab is antisymmetric in its last two indices as well as Eqs. (4.28), (4.18) , and (4.26) to make the substitution
After rewriting the derivative term up to a total derivative, renaming indices, and simplifying, the variation δL D becomes
Symmetrizing over ab and setting the factor in parenthesis to zero yields the diffeomorphism equation of motion
E Stress-Energy Tensor Derivation
The stress-energy tensor for a source action S source is defined as
For action variations involving terms such as the following containing δΓ c ab
with V c ab symmetrized in its last two indices
we shall find the following useful in deriving the associated stress-energy tensor:
Comparing the first and last lines of Eq. (E.4) we conclude that the full stress tensor for S source is
where Θ ab (g) is the term associated with δg ab , and not V c ab , as in the second and third lines of Eq. (E.4). In the next section we will prove Eq. (E.4). For now we will simply use it to derive the stress-energy tensor associated with L D , Eq. (4.24). In doing so, we will find the following property useful
for some arbitrary tensor Y ab . Also, the mixed rank tensor
We use this last definition to write the source Lagrangian in the most useful form for our present purposes as below. Neglecting the Gauss-Bonnet portion, as we will ultimately focus on d = 4, the source action is
To derive the associated stress-energy tensor, we vary this with respect to the metric
We now focus on the δL D term. After a little simplification, this results in
Expanding out the definition of K bmn and D mn and relabeling indices and using Eq. (E.6) to rewrite the variation in terms of the covariant δg ab we have
Next, we expand out the covariant derivative on D nb and use the fact that
(E.13)
to simplify the variation to
The variation has split into δg ab terms and δΓ c mn terms as in Eq. (E.4). We thus peel off part of the Θ ab (g) piece, defining
Along with this, we integrate by parts in the last two terms and simplify
Plugging this back into the action yields
Comparing with Eq. (E.4) and reinserting the contribution from the Gauss-Bonnet portion of the source action (which is zero in d = 4) we find that the stress-energy tensor is
.
(E.18)
Defining V cab without the tilde as a scaled version of V cab by removing the proportion-
the stress-energy tensor can be expressed as
(E.20)
E.1 Proof of Eq. (E.4)
We shall find the following useful in this endeavor
for some tensor T abc and the commas denote partial derivatives
We first prove the above useful equations:
Using the relationship between covariant derivatives and ordinary partial derivatives on the last line reproduces the result in Eq. (E.21). Eq. (E.22) follows by permuting indices. Now we will prove Eq. (E.4). We start by expanding out the variation δΓ c ab
Next, we relabel some indices, integrate by parts, and simplify
δg ab
Now we use the definition of the Christoffel symbol in the first term and Eqs. (E. 21) and (E.22) in the second line
The first and fifth terms cancel and the fourth and sixth terms cancel, leaving us with
Plugging this into the second line of Eq. (E.4) reduces it to the third line.
F Covariant Conservation of the Stress-Energy Tensor
In this section, we show that the divergence of the stress-energy tensor vanishes. This will require use of the equations of motion
The stress-energy tensor Θ ab is
The divergence of the stress-energy tensor is
First, we focus on the ∇ a Θ ab (Γ) term:
In going form the third to fourth line, we have used the following property of the Riemann curvature tensor as pertains to rank three contravariant tensors:
where we have collected all terms proportional to α 0 into
Our first goal is to demonstrate that ∇ a Θ ab (Γ,α 0 ) can be written independent of α 0 . We will do so by simplifying it to terms involving only ∇ a K (cm)a which, via the equation of motion (F.1), simplify to terms independent of α 0 . In the following, we will often commute partial derivatives at the cost of generating Riemann curvature tensor terms according to Eq. (A.9) and simplify via use of the following useful identities
(F.12)
Moving common proportional factors in Eq. (F.9) to the left hand side and simplifying, we have
To simplify further, we use the following identity
Substituting these into Eq. (F.16) and simplifying results in
In the last terms we have used the antisymmetry of K acm , Eq. (4.8), along with the following property of the Riemann curvature tensor as applies to rank-two tensors of mixed indices:
Collecting the Riemann curvature terms together and simplifying and substituting
The first five terms are of the form we seek. We are left to simplify the last term:
Plugging this back into Eq. (F.20) yields
The third line can be seen to cancel with the other terms in ∇ a Θ ab proportional to α 0 and quadratic in K cma except for the term proportional to the metric g ab . It must be that the very last term in Eq. (F.21) cancels with the remaining metric term. We now show this: The first and third terms cancel and the second term is zero due to the symmetry of the Ricci tensor. Therefore, we have shown that
